Abstract: Horizontal slot waveguides based on graphene have been considered an attractive structure for optical waveguide modulators for transverse magnetic (TM) modes. Graphene is embedded in the slot region of a horizontal slot waveguide. If graphene were treated as an isotropic material and its dielectric constant were made close to zero by adjusting its Fermi level, the surface-normal electric field component of the fundamental TM mode of a horizontal slot waveguide might be highly enhanced in graphene. This could cause a large increase in the attenuation coefficient of the mode. This is called the epsilon-near-zero (ENZ) effect. This paper discusses that graphene needs to be treated as an anisotropic material that has an almost real surface-normal dielectric constant component. Then, the ENZ effect does not exist. Approximate analytic expressions and numerical simulation are used for the discussion, and they demonstrate that horizontal slot waveguides are not appropriate for graphene-based modulators for TM modes.
Introduction
Graphene, a monolayer of carbon atoms arranged in a honeycomb lattice, has been a very promising material for diverse electronic and photonic devices because of its exceptional properties like the highest intrinsic mobility [1] . A few examples of photonic devices based on graphene are photodetectors [2] , [3] , polarizers [4] , and tunable optical antennas [5] , [6] . In particular, graphene is considered as an active material suitable for optical waveguide modulators since it interacts strongly with light and its optical conductivity is electrically controllable. Thus graphene-based modulators are expected to have a small footprint, consume small energy, and operate at a high speed over a broad spectral range.
Since a normal silicon waveguide with one or two graphene layers on its top was experimentally demonstrated as an electro-absorption modulator [7] , [8] , a variety of graphene-based modulators have been theoretically studied [9] - [13] . The recent studies have focused on the development of a waveguide which supports a waveguide mode with the maximum electric field in a graphene layer. In such a waveguide, the electrically-tunable optical conductivity of graphene can effectively affect the effective index of the waveguide mode. Consequently, it is possible to reduce modulator dimensions. Horizontal slot waveguides have been considered as such a waveguide [10] - [13] . Horizontal slot waveguides without graphene have been actively studied already [14] , [15] . A horizontal slot waveguide with graphene has a slot region which is a stack of thin low-index dielectric layers and graphene layers, and the stack is sandwiched by two high-index dielectric layers, two metal layers, or a high-index dielectric layer and a metal layer. The vertical electric field component of the fundamental transverse-magnetic (TM) mode of the horizontal slot waveguide is strongly enhanced in the slot region due to the discontinuity of the vertical electric field component at a layer-layer interface or excitation of a surface plasmon polariton at a metaldielectric interface. This enhancement could become dramatically large in the graphene layers in the slot region such that the attenuation of the fundamental TM mode could increase rapidly if the Fermi level E F of graphene is appropriately adjusted. This is called the epsilon-near-zero (ENZ) effect. Based on the ENZ effect, electroabsorption modulators with a length smaller than 1 m were proposed [10] - [12] , and a Mach-Zehnder modulator with a high extinction ratio was proposed [13] .
Although the modulators based on the ENZ effect seem very promising, there is a question about the existence of the ENZ effect. The question stems from the following inference. Since graphene is one atom thick and its electrons cause electric conduction in its plane, it has been treated as a boundary with in-plane conductivity k when the electromagnetic or optical characteristics of a structure with graphene are analyzed [4] , [16] (this treatment is hereafter called the conducting boundary model). However, to analyze a complex structure with graphene, graphene has been also treated as a thin dielectric layer with a finite thickness d g [17] . When graphene is normal to the z axis, its effective dielectric constant is a diagonal tensor with in-plane components " xx and " yy and a surface-normal component " zz . " xx ¼ " yy , and
The relation of " zz and surface-normal conductivity ? is given by " zz ¼ " ?1 þ i ? =ð!" 0 d g Þ. " k1 and " ?1 are background dielectric constants. In many cases, it has been assumed that " ?1 ¼ " k1 and ? ¼ k . In other words, graphene is treated as an isotropic material (this treatment is hereafter called the isotropic graphene model). The dominant electric field component of the fundamental TM mode is affected by " zz , and j" zz j can be made as small as possible if E F becomes equal to a specific value. For example, at the telecom wavelength of 1.55 m, j" zz j ¼ 0:327 for E F ¼ 0:515 eV in [10] , and j" zz j ¼ 0:707 for E F ¼ 0:51 eV in [12] . Hence, the ENZ effect could exist. However, in the case of graphite, j ? j is smaller than j k j by a factor of $0.01 [18] . Since graphene is considered as a single layer of graphite and the electrons of graphene move in its plane, j ? j of graphene is reasoned to be much smaller than j k j of graphene. Therefore, j" zz j may not be made close to zero. The existence of the ENZ effect is questioned from this aspect. Naturally, the question requires us to treat graphene as an anisotropic material (this treatment is hereafter called the anisotropic graphene model) when we analyze horizontal slot waveguides. Actually, spectroscopic ellipsometry measurement elucidated that graphene can be modeled as a uniaxial material [19] . By using a onedimensional slot waveguide with a graphene layer, this paper shows why the ENZ effect exists in the case of the isotropic graphene model. This paper also demonstrates that the anisotropic graphene model and the conducting boundary model yield similar analysis results. These results confirm that the ENZ effect does not exist in the case of the anisotropic graphene model. Finally, this paper discusses that horizontal slot waveguides are not appropriate for graphene-based modulators for TM modes.
One-Dimensional Symmetric Slot Waveguide With Graphene
The one-dimensional slot waveguide consists of layers which are normal to the z-axis. It is symmetric about the xy -plane as shown in Fig. 1 . Graphene is treated as an isotropic or anisotropic dielectric layer of thickness 2d 1 ¼ d g , and the layer is centered at z ¼ 0. The graphene layer is sandwiched by the same low-index dielectric layers of thickness d 2 and refractive index n 2 . This stack is the slot region sandwiched by the same high-index dielectric layers of thickness d 3 and refractive index n 3 . The material above and below the high-index layers has a refractive index n 4 . n 2 , n 3 , and n 4 are real. For strong enhancement of the surface-normal electric field component of the fundamental TM mode in the slot region, d 2 is determined such that d 2 ( =n 2 , where is the free-space wavelength. In addition, d 3 is appropriately chosen for the strong enhancement. The magnetic field of the mode is expressed by H ¼xH x ðzÞexp½iðy À !t Þ, where is the propagation constant of the mode. From Maxwell's equations and the symmetry of the mode
In this expression, 1 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
. The constants and and are determined by solving the equations
which are derived from the continuity of the y component of the electric field at the interfaces in Fig. 1 . H 0 is a normalization constant such that ð1=2Þ
where " z ðzÞ is equal to " zz in layer 1 and n 2 j in layer j, j ¼ 2; 3; 4. Since d g ¼ 0:335 nm [19] , d 1 = ( 1 for ¼ 1:55 m. Moreover, as shown below, even the minimum value of j" yy j is much larger than d 1 =. Then, the first equation of (2) approximately becomes
where N eff =k is the effective index of the mode. When % 0, is also approximately equal to zero since d 2 ( =n 2 . Then, the ratio z between the magnitudes of the z component of the electric
In addition, the ratio y between the magnitudes of the y component of the electric field, E y , at Fig. 1 . Geometrical structure of the studied horizontal slot waveguide. It is uniform in the x -direction, and symmetric about the xy -plane. The fundamental TM mode of the waveguide, which has the schematically depicted distribution of the z component of the electric field, propagates in the y -direction. Graphene is treated as the dielectric layer of refractive index n 1 and thickness 2d 1 in the cases of the isotropic and anisotropic graphene models.
Compared to z , y is very small and close to zero. Therefore, the z component of the electric field is highly dominant in layer 1, i.e., the graphene layer. This fact and the assumption that n 2 , n 3 , and n 4 are real result in the expression of the attenuation coefficient of the mode [20] , which is
where " y ðzÞ is equal to " yy in layer 1 and n 2 j in layer j, j ¼ 2; 3; 4. The electric field components of the mode satisfy E y ¼ iðdH x =dzÞ=½!" 0 " y ðzÞ and E z ¼ ðH x Þ=½!" 0 " z ðzÞ.
For the in-plane conductivity of graphene, an analytic expression derived within the randomphase approximation [21] is used, which is
where 0 e 2 =ð4" hÞ is the universal conductivity of graphene (e is the charge of an electron and " h is the reduced Planck constant), E th ¼ k B T is thermal energy in eV (k B is the Boltzmann constant, and T is the temperature), E ph ¼ hc= is photon energy in eV (h is the Planck constant), and E s ¼ " h= is scattering energy in eV for the scattering time . Fig. 2(a) shows " yy vs. E F for ¼ 1:55 m, T ¼ 300 K, ¼ 0:1 ps, and " k1 ¼ 2:5 (these values are used for the following simulation). Since interband transitions do not happen if E F 9 E ph =2 ¼ 0:4 eV, Im½" yy rapidly approaches zero. Re½" yy decreases monotonically for E F 9 0:4 eV since intraband transitions dominate. j" yy j has its minimum j" yy ;min j at E F ¼ E ENZ . Fig. 2(b) shows j" yy;min j and E ENZ as functions of " k1 . For " k1 ¼ 2:5, E ENZ ¼ 0:513 eV, and " yy ;min ¼ À0:202 þ i1:32. As mentioned above, j" yy ;min j is much larger than d 1 =. However, " yy ;min is not so close to zero. Actually, E ENZ and " yy ;min depend on which analytic expression of g is used. For example, if the analytic expression in [22] is employed, E ENZ ¼ 0:514 eV, and " yy ;min ¼ À0:026 þ i0:212. However, this is not critical in the following discussion of the ENZ effect.
In the case of the anisotropic graphene model, ? is made equal to zero as assumed in [23] , [24] . " ?1 was set to 1 [23] or 2.5 which comes from the dielectric constant of graphite [24] . In this paper, " ?1 ¼ " k1 ¼ 2:5: Now, by using (3), (4), and (6), it is possible to discuss the ENZ effect depending on how graphene is modeled. First, if the isotropic graphene model is used, is a very small complex number since " zz is complex. Then, N eff should be complex to satisfy the remaining equations of (2). However, is a very small real number for the anisotropic graphene model since 
Relation between the Fermi level E ENZ at which " yy has the minimum magnitude j" yy ;min j and " k1 (black curve). The red curve represents the relation of j" yy ;min j to " k1 .
" zz is real. Hence, N eff can be almost real. This indicates that the ENZ effect that the mode attenuation rapidly increases does not exist in the case of the anisotropic graphene model. Second, z becomes very large, i.e., strong enhancement of the surface-normal electric field component can be achieved in the case of the isotropic graphene model with E F ¼ E ENZ . However, z is just a finite number almost independent of E F in the case of the anisotropic graphene model. Finally, is nonzero, and it becomes large in the case of the isotropic graphene model with E F ¼ E ENZ . In contrast, is almost equal to zero in the case of the anisotropic graphene model. All these things demonstrate that the ENZ effect exists just in the case of the isotropic graphene model. However, it does not exist in the case of the anisotropic graphene model which is more realistic. This is confirmed by the following result of simulation. For the simulation of the slot waveguide, n 2 , n 3 , and n 4 are set to the refractive indices of aluminum oxide ðAl 2 O 3 Þ, silicon, and air, respectively, i.e., n 2 ¼ 1:746, n 3 ¼ 3:455, and n 4 ¼ 1. In addition, d 2 and d 3 are set to 10 nm and 150 nm, respectively. By using the function fsolve in Optimization Toolbox of MATLAB, (2) is solved to find . The calculated values of z and y are shown as functions of E F in Fig. 3(a) and (b) for the isotropic and anisotropic graphene models, respectively. The values obtained from (4) and (5) are in good agreement with the values obtained by solving (2) and using (1). In the case of the isotropic graphene model, z rapidly increases and decreases near E ENZ , and y is much smaller than z . For E F near E ENZ , the surface-normal electric field component is highly enhanced in the graphene layer. It experiences the imaginary part of " zz ¼ " yy such that the attenuation coefficient of the mode becomes large. Therefore, Im½N eff changes similarly to z with respect to E F as shown in Fig. 3(c) . Re½N eff changes significantly and almost antisymmetrically near E ENZ . This is the ENZ effect which has been discussed and utilized in [10] - [13] . However, in the case of the anisotropic graphene model, z and y are constant since " zz is independent of E F . In addition, N eff is an almost real constant as discussed above. Therefore, the ENZ effect does not exist. The relation between N eff and E F is similar to that obtained by using the conducting boundary model. When the conducting boundary model is used, the characteristic [25] satisfying the boundary condition
Þ at the position of the graphene layer, z g . Then, the characteristic equation is solved to find N eff by using the function fsolve. There is a small difference between the real parts of N eff calculated by using the conducting boundary model and the anisotropic graphene model. The difference decreases as " ?1 and " k1 increase. When the conducting boundary model is used, the fact that Im½N eff ¼ 0 is deduced from the symmetry of the structure in Fig. 1 . Because of the symmetry, H x is an even function of z, and dH x =dz (i.e., E y ) is an odd function of z. Therefore, the graphene has no influence on N eff since E y ¼ 0 at the graphene boundary, and N eff is real.
Discussion of Horizontal Slot Waveguides for Graphene-Based Modulators
It has just been shown that the ENZ effect does not exist in the symmetric slot waveguide in Fig. 1 when the symmetric slot waveguide is analyzed by using the anisotropic graphene model or the conducting boundary model. Since its effective index is independent of E F , it cannot be used for a graphene-based modulator. Now, it is necessary to check whether other horizontal slot waveguides are appropriate for graphene-based modulators. Three kinds of one-dimensional slot waveguides are analyzed here. They have an Al 2 O 3 -graphene-Al 2 O 3 stack sandwiched by two Si layers [ Fig. 4(a) and (b) ], two gold layers [ Fig. 4(c) and (d) ], or a Si layer and a gold layer [ Fig. 4(e) and (f) ], all of which are 150 nm thick. Their substrate and cover are silicon dioxide ðSiO 2 Þ and air, respectively. The three horizontal slot waveguides are analyzed by using the TMM based on the anisotropic graphene model or the conducting boundary model. The distribution of the electric field of the fundamental TM mode of each slot waveguide around the stack is shown in Fig. 4(a) , (c), and (e). For comparison, the magnitudes of the in-plane and surface-normal electric field components E y and E z are normalized to the peak value of jE z j in the stack. jE y j is more than one order of magnitude smaller than jE z j in the graphene layer embedded in each slot region. This can be approximately explained as follows. E y just outside the slot region is proportional to jðN 2 eff À n 2 Þ 1=2 = n 2 j, where n is the refractive index of the layer on or beneath each slot region and N eff is the effective index of the fundamental TM mode of each horizontal slot waveguide. This number is small since jnj is large for a high-index dielectric layer or a metal layer. Therefore, E y is small in each slot region due to its continuity at the boundaries of each slot region. Since E y is very small in the graphene layer, the in-plane dielectric constant component or conductivity of graphene does not significantly affect N eff . This can be confirmed from Fig. 4(b) , (d), and (f). The decrease of Im½N eff caused by the increase of E F is smaller than 2 Â 10 À4 . This means that the attenuation coefficient decrease of each slot waveguide is smaller than 7 Â 10 À3 dB=m. As shown in Fig. 3 , the values of Im½N eff calculated by using the anisotropic graphene model are close to those calculated by using the conducting boundary model. Consequently, the characteristics of each slot waveguide are not efficiently tuned by adjusting E F . Therefore, all the horizontal slot waveguides are not suitable for optical waveguide modulators for TM modes.
Actually, a slab waveguide with a graphene layer on its top is better for optical waveguide modulators for TM modes than the horizontal slot waveguides. This is confirmed by simulation of a slab waveguide consisting of graphene, Al 2 O 3 , and silicon. Its cover and substrate are air and SiO 2 , respectively. The thickness of the Al 2 O 3 layer is 10 nm, and the thickness of the Si layer, d Si is a variable. The effective index of the fundamental TM mode is calculated by using the TMM. It is shown with respect to E F in Fig. 5(a) for d Si ¼ 230 nm. Its real and imaginary parts change similarly to the real and imaginary parts of " yy , respectively. Interestingly, the values of the effective index calculated by using the isotropic graphene model are similar to those calculated by using the anisotropic graphene model or the conducting boundary model. This can be deduced from the profiles of the in-plane and surface-normal electric field components E y and E z of the fundamental mode, which are shown in Fig. 5(c) and (d) in the cases of the anisotropic and isotropic graphene models, respectively. For comparison, jE y j and jE z j are normalized to the peak value of jE y j in the graphene layer. When the isotropic graphene model is used, jE z j is much smaller than jE y j in the graphene layer such that the in-plane dielectric constant component of graphene dominantly affects the effective index as in the case of the anisotropic graphene model. Hence, the effective index changes little depending on which graphene model is used. The slab waveguide is an example that shows the reason why the isotropic graphene model has been used for reasonable analysis in many cases. The difference between the attenuation coefficients for E F ¼ 0 eV and E F ¼ 1 eV, Á(in dB=m) is shown with respect to d Si in Fig. 5(b) . The difference is maximum at d Si ¼ 230 nm, which is 0.143 dB=m and similar to the experimentally observed value in [7] . If d Si is small, the magnetic field H x of the mode is not strongly confined in the Si layer, and it slowly changes in the graphene layer. Hence, E y proportional to dH x =dz is small. If d Si is large, H x is strongly confined in the Si layer, and it is small in the graphene layer. Hence, E y is also small. Therefore, there is an optimal value of d Si at which Á is maximized.
Conclusion
In summary, the ENZ effect might exist in a horizontal slot waveguide only if graphene were an isotropic material. In other words, if the surface-normal dielectric constant component of graphene were made close to zero, the surface-normal electric field component would be highly enhanced in the graphene layer in the slot region of the waveguide. Consequently, the fundamental TM mode of the waveguide could have a large attenuation coefficient. However, graphene needs to be treated as a conducting boundary or an anisotropic material with an almost real surface-normal dielectric constant component. Then, the ENZ effect does not exist in a horizontal slot waveguide. These things have been confirmed by using the analytic expressions and the numerical calculations. They have led to the conclusion that horizontal slot waveguides may not be efficient in modulating TM modes. To complete this discussion, in the future, it is necessary to experimentally determine the surface-normal dielectric constant component of graphene and confirm that it is really almost real.
